TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 314, Number 1, July 1989

ON THE CAUCHY PROBLEM AND INITIAL TRACES
FOR A DEGENERATE PARABOLIC EQUATION

E. DI BENEDETTO AND M. A. HERRERO

ABSTRACT. We consider the Cauchy problem
u; — div(|DulP~2Du) =0 in R¥ x (0,00), p > 2,
u(x,0) = up(x), x €RN,

®

and discuss existence of solutions in some strip St = R¥x(0,7), 0< T < o0,
in terms of the behavior of x — up(x) as |[x| — oo. The results obtained
are optimal in the class of nonnegative locally bounded solutions, for which a
Harnack-type inequality holds. Uniqueness is shown under the assumption that
the initial values are taken in the sense of Llloc(RN ).

1. INTRODUCTION

A classical result of Tychonov [14] states that the Cauchy problem for the heat
equation is uniquely solvable for continuous initial data x — u,(x) satisfying
the growth condition

lug(x)] < Cexp(alxlz) , as|x|— o0,

for some positive constants C, a. In such a case, the solution u exists in
the strip RY x (0,%) . The growth condition is optimal in the sense that every

nonnegative solution of the heat equation in RY x (0,T), 0<T < oo, hasa
unique o-finite Borel measure u as initial trace, satisfying (see [15, 2])

/ exp{—|x[2/4T} dp < oo.
RV

In this note we consider the Cauchy problem for the nonlinear version of the
heat equation

(1.1) u,—div(|Duf’ >Du)=0 inS,=R"x(0,T), p>2,

and address the issue of growth conditions on the initial datum () as |x| —
oo for a unique solution to exist, as well as the optimality of such a growth. A
rough description of our results is the following.
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If u,e L™ (R") and
0

loc
(1.2) lug(x)] < colx /"7 as x| — oo

for some ¢, > 0, then the Cauchy problem associated with (1.1) is uniquely

solvable (in a weak sense specified below) in the strip S, T = C(N,p)/ Cg -,
where C(N,p) is a universal constant depending only on N and p.

In fact u, does not have to be locally bounded (see §2). It could be in
LIIOC(RN ) or even a o-finite Borel measure in RY, with (1.2) suitably rephrased
in terms of integral averages.

The growth condition (1.2) is optimal in the sense that a nonnegative solution
of (1.1) in S, determines uniquely an initial datum (the initial trace) which is

a o-finite Borel measure y in R" satisfying

v g el (8) 7 (3) ).

(1.4) k=N(p-2)+p,
for some positive constant C = C(N,p). Here and in what follows
(1.5) ][ d,u=p—N/ du.

|x|<p |x|<p

In one space dimension N = 1, the problem has been studied by Kalashnikov
[11, 12], who proved existence of a unique solution of (1.1) in S, for some
(small) T, if the initial datum satisfies

lug(x)] < C(1+|x[)P?P~?, vxeR

for some C > 0.
For the porous medium equation

(1.6) u, - A" lu=0, m>1,

the problem of growth condition on the initial datum u, has been considered
by Beénilan-Crandall-Pierre [5], the optimality of such a growth by Aronson-
Caffarelli [3], and uniqueness of solutions for data u satisfying the analog of
(1.3) by Dahlberg-Kenig [6]. Our approach is different from that in the quoted
papers and in fact our methods yield generalizations also in the case of (1.6).

We will discuss later how our results relate to the cited ones and what are the
possible extensions.

2. THE RESULTS

Consider the Cauchy problem

2.1) %u —div(|Duf’’Du)=0 inS., p>2;

(2.2) u(-,0) = uy(-) € L,
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A measurable function (x,#) — u(x,t) defined in S is a weak solution of
(2.1), (2.2) if for every bounded open set Q C RN,

ueCO,T;L'(@)nL" 0, 7;w'?7'(Q)), and
t
(2.3) /u(x,t)(o(x,t)dx+/ f{—u¢+|Du|p_2DuD(p}dxd‘c
Q 0JQ

= [ wx)0x.0)dx,
Q
for all 0 <t < T and all testing functions
(2.4) peW " ®0,T;L®(Q)NLY0,T; W, Q).

Weak subsolutions (resp. supersolutions) are defined as above except that in
(2.3) equality is replaced by < (resp. >) and ¢ is taken to be nonnegative.
If (2.2) is replaced by

(2.5) u(-,0)=n

where u is a og-finite Borel measure R", then we say that u is a weak solution
of (2.1), (2.5) if for every bounded open set Q C RY and vr e 0,7, u
satisfies (2.3) with the right-hand side replaced by

/Qco(x,O)du,

Vo eC l(ﬁr) such that x — ¢(x,?) is compactly supported in Q V¢ e[0,T].
As a way of measuring the growth of a function f € LIIOC(RN ) as |x| — oo
we set

(2.6) [IIf1l, = supp"‘“”'”/ \fldx, r>0,k=Np-2)+p,p>2,
p2r B,
where Bp ={xe R" | |Ix| < p}. If u is a o-finite Borel measure in R", set

—K/(p=2
(2.7) Nulll, = sup p~/#~? / \dul,
p2r B,

where |du| is the variation of u.

Remarks. (i) |||f|ll, < +o0, Vr >0 if fe L'(RY).

(i1) [||ulll, < 400, Vr > 0 if and only if [lelll,, < oo or some ry > 0.

With C, = C/(4,,4,, ...) we denote positive constants that can be quanti-
tatively determined a priori only in dependence on the specified arguments.

2-(i). Existence.

Theorem 1. For every o-finite Borel measure u in R satisfying

|lulll, < oo, for somer >0,
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there exists a weak solution u of (2.1), (2.5) in St Where
. --2) .
row < 4 Colm il if lim [llglll, >0,
+00 iflimllulll, =0,
and Cy= Cy(N,p).
Let
(2.8) T, (1) = Cyllllalll, 1472
Then YO<t< T, (u), Vp2r>0,
(2.9) uC-, I, < C,lllall, »
(2.10) lu(-, Dllgo 5, < Gt PNl
(2.11) 1Du(-, 1)l 5, < Cyt~ NV pH Ol

where C; = C,(N,p), i=1,2,3.
For every bounded open set Q C RY and ve >0

3C,=C,(N,p,¢e,diamQ), C;=C (N,p,e)
such that
t
@12) [ [ 1pudxdz < o,
whereq=p—(N+¢)/(N+1), VO<t<T,(u).

In particular if ¢ = 1

t
(2.13) [ [1pur! dxde < Ct S iuly e,

0Ja

where Cy = C((N,p,Q). Further if Q= Bp, p>r,
t
@1e) [ [ 1P dxde < o p e,
P

where C, = C,(N,p).

Finally, (x,t) — Du(x,t) is Hélder continuous in Q x [n,T(p) —n], 0 <
n < T(u), with Holder constants and exponents depending upon N, p, C,,
i=0,1,...,4, diamQ, n, |[|ull,.

The functional dependence of our estimates is optimal as shown by the fol-
lowing two explicit solutions of (2.1).

Np=2) 1) &=
_ T x(p—T) p— 2 p—l : lep )p—l
9(x,t)—{A(T'_“;> +<p_l)x (T—t ;

where A, T are two positive parameters.




CAUCHY PROBLEM FOR A DEGENERATE PARABOLIC EQUATION 191

A quick calculation shows that

. L1 (p=2\CTVeD e 162
lim 12,0, =  (£=3) (7

T
Therefore Z'(x,t) exists up to the blowup time
ok (p=2\""y.. -(-2)
r-—=(553) {imnecon} .
The second explicit solution is (see [16])

p/(p—1)) @—1/(P=2)
Q(x,t):t_N/"{l—yp(tllill) } , t>0,
+
1 1/(p—1) -2
n-(x) 5 p>2.

The functions & solves (2.1) with initial datum u = M¢, where J, is the
Dirac measure at zero and M = || (-, f)||; gv, ¢ > 0.

For t>0, [|B(, 0 <, and

"D‘Q(W t)“oo,RN < t—(N"’l)/K#yI(IP—l)/P .
Moreover |D#| e L'‘R" x[0,s]), s>0, g=p—(N+¢)/(N+1), Ve >0,
but |[DZ| ¢ L°R" x[0,s]), gy =p— N/(N +1).
For initial data u, € L' (RN ) estimates (2.10), (2.11) agree with those of [10]
and [1], respectively.

2-(ii). Harnack inequality and initial traces. Consider solutions of (2.1) with
no further reference to initial data. These are measurable functions u defined
in §;, 0 < T < oo, such that for every bounded open set Q C R" and
Vee (0,T)

(2.15) ueCle, T; L Q)N L ¢, T; W' (Q)),

t
(2.16) /u(x,t)¢(x,t)dx+/ /{—u¢,+|Du|p—2DuD¢}dxdt=0,
Q 0 Ja

Vie (e, T), Vp € WH™(0,T;L*(Q))n LY, T; W, °(Q)),
t—o(-,t)=0,0<t<e.
Remark 2.1. From (2.15) and [7, 9] it follows that (x,t) — Du(x,t) is Hélder

continuous in every compact subset of R" x (0, T). These solutions belong to
the same regularity class of those found in Theorem 1.

Theorem 2. Let u be a nonnegative solution of (2.1) in Sy for some 0 < T <
+00. There exists a unique o-finite Borel measure u on RY such that

}gg/w u(x,t)¢(x)dx=/RN¢du,

for all ¢ continuous and compactly supported in RY .
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Moreover YR >0, VO<t<T

N R? 1/(p=2) t N/p “/p
e fans () () wor ).

where Kk = N(p —2)+p, and y = y(N,p).

The existence part of Theorem 2 is an immediate consequence of the Harnack
inequality, which we state as'a theorem in view of its independent interest.

Theorem 3. Let u be a nonnegative solution of (2.1) in S;. There exists a
constant y = y(N,p) such that VR >0, V0<1<T/2

pN 1/(p=2) N/p
]ik u(x,t)dx <y { (%) + (R—T,,> [«(0, T)]K/p} .

The uniqueness of x will make essential use of estimate (2.14).
2-(iii). Uniqueness.

Theorem 4. Let u, v be two solutions of (2.1) in S, for some 0 < T < +oo0,
in the sense of (2.15), (2.16), such that

sup ||[u(-, DI, , sup [|[v(-,0)]]], < 00
0,T) (0,7

for some r >0, and

. . 1
%{%(u( ’t) - U(', t)) =0 in Lloc

(RY).
Then u=v in S;.
Remarks. (i) In Theorem 4, u, v are not required to be nonnegative.

(i1) The solutions constructed in Theorem 1 with initial data u € Llloc(RN)
satisfy the assumption. Therefore Theorem 4 could be rephrased as a unique-
ness theorem for initial data u, € LIIOC(RN ) and |[[|uglll, < oo, r>0.

(ii1) Uniqueness of nonnegative solutions for initial datum a positive og-finite
Borel measure x4 would follow by the approximation argument of [6] if one
knew that uniqueness holds for initial datum u satisfying [p. du < co.

We have been unable to prove this last statement.

2-(iv). Nonnegative solutions. Let « > 0 be a weak solution of (2.1) in S, in
the sense of (2.15), (2.16). The Harnack inequality of Theorem 3 implies that
vr>0

—1/(p— _ 0,T K/p
sup |llu(-.oll| <7~ 2){1+ (r‘/“’ 2’%) }EA.
0<i<T

Such an a priori bound permits us to prove the following theorem.

Theorem 5. Every nonnegative solution of (2.1) in S, grows at most as |x|° /p=2)
when |x| — oo. Precisely

t_N/Kpp/(p—z)Ap/K, YO<t<T,V¥p>r>0,Vr>0.

”u( s t)lloo‘gp <y
The theorem is proved in §7.
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2-(v). Methods and extensions. Given a g-finite Borel measure u in R" sat-
isfying |||ul||, < oo for some r > 0, 3x — u, ,(x) € C§°(RN) such that

Vp € C,(RY)
/ uo’nqux—-»/ pdu
RV RY

and |||, ,|II, = llllll,» ¥r > 0.

The Cauchy problem (2.1) with initial datum u, , has a unique solution
u, global in time (see [4, 10]). If we can prove estimates (2.9)-(2.14) for u,
with |||u]||, replaced by ||[u, ,[Il, , Theorem 1 will follow by a standard limiting
process, modulo the compactness results of [7, 9]. Henceforth we will refer to
the proof of Theorem 1 as to the proof of (2.9)-(2.14) for the unique solution
u of (2.1) with initial datum u; € Cg° (RN). Our proofs in §§3, 4 show that
it is not restrictive to assume u, > 0 (and hence u > 0); in fact (2.9), (2.10),
(2.12)-(2.14) hold for nonnegative subsolutions of (2.1).

Estimate (2.10) is in the spirit of a similar one of [5] for solutions of the
porous medium equation (1.6). In that work the key estimates were of elliptic
nature in view of the “semiconvexity inequality”

(2.17) u, > —kujt, k a constant,

valid for weak solutions u > 0 of (1.6) in RY x (0,T) (see [4]) and strongly
linked to the homogeneity of the principal part of theoperator in (1.6).

There is a basic difference between the nonlinearity exhibited by (2.1) and
the nonlinearity of (1.6). Such a difference becomes apparent in estimate (2.10).
Working with (1.6) one can relate quite easily the quantity |, 5, u(x,t)dx, t>0
with the analogous quantities || B, u(x,t)dx for t € (0,t); this is because
the Laplacian permits a double integration by parts. It is this fact that makes
estimates like (2.10) relatively straightforward once a bound for ||u’""||
has been derived.

In the case of (2.1) one is forced to find in addition to (2.10) a rather delicate
estimate of

00,8,

t
/ |Duf’ ' dxdrt,
0 /B,

in terms of f0' [llu(-, 7)l||, d7. This is what makes possible the proof of (2.14),
which in turn is the key estimate for Theorems 2 and 4.

Even though regularizing effects like (2.17) hold for (2.1) (see [4]) we have
avoided them. Our estimates are of parabolic nature and flexible enough to
generalize (2.9), (2.10), (2.12)-(2.14) to nonnegative weak subsolutions of

(2.18) %u—divA(x,t,u,Du)SB(x,t,u,Du),

u(x,0) = uy(x) € L,

N
oc(R7), [[l#lll, < oo for some r > 0,

provided they can be approximated by bounded solutions.
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The structure conditions in (2.18) are
Aol Dul” — gy(x,1) < A(x,t,u,Du)- Du < Ao|Duf’ + g,(x,1),
|B(x,t,u,Du)| < B0|Du|‘r'_l + 8,(x,1),

where 0 <4, <A, B, >0 are given constants and g;,, i =0,1,2, are given
bounded functions in R¥*! .

Moreover, (2.11) also holds true if some differentiability is imposed on the
vector field A: R*¥*? - R" and the function B: R*¥*? — R, and if (2.18)
holds with equality replacing the inequality. We refer to [7, 9] for the precise
differentiability assumptions on A and B.

The ingredients in the proof of Theorem 3 are the gradient estimate (2.14)
and the following “intrinsic” Harnack estimate.

Theorem 1 of [8]. Let u > 0 be a local weak solution of (1.1) in some cylindrical
domain Q. =Qx(0,T). Let (x,,t,) € Qr, let B, (x,) be the ball of radius p
about x,, and assume u(x,,t,) > 0. There exist two constants C, = C,(N,p),
i=0,1 such that

— . = /7
2.19 t) < f ) Ci——————|,
@19 Ul%,to) < Co Jpt. ¥ (x fo* "wP 2 (x,y ,t,)
provided the box
— P’ — P’
=B, (x,) xt, —-C,——,t,+C,———
is all contained in Q.
It was observed in [8] that (2.19) implies V6 > 0

(2.20)  u(xy,ty) <7 { (%)1/@—2) . <%)N/p [/Bp(xo) (1, + )

for a constant y = y(N,p), provided the box
Q(p,0) = Bp(xo) x {1, —Ele,to +?IO}

x/p }
is all contained in the domain of definition of u.
Recall that local solutions of (1.1) are Holder continuous [7] and therefore
u(x,t) is well defined V(x,?) € Q..
In view of the continuity of u, within the ball B p(xo) there exists at least
one X such that

u(x,t))dx =u(x,t,).
B, (xo)

Therefore (2.20) implies

P\ U/0=2) Nip
(2.21) fB . )u(x,to)dx <y { (%) + (%) [U(xq» 1o + g)]x/p}
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Vp > 0, VO > 0 provided the box Q(p,8) is all contained in the domain of
definition of . This last requirement, when applied to nonnegative solutions
of (2.1)in S, =R" x (0,T), says that ¢, and 6 must satisfy

0<t,-C,0<t,+C0<T.

Thus the main difference between Theorem 3 and (2.21) is that in Theorem 3
t, can be arbitrarily close to zero, whereas in (2.21) ¢, must be of the order of
T.

It will be precisely (2.14) that will permit us to overcome this difficulty and
extend (2.21) for all ¢, € (0,7).

The existence part of Theorem 2 will follow from the Harnack estimate.
Uniqueness of the initial trace u is based on the following.

Lemma 2.2. Let u > 0 be any weak solution of (2.1) in S;. Then YR > 0,
Ve e (0,1]

][ u(x,t)dx
Bsor
Zfﬂku(x,z)dx{(l+g ”_%([ﬁku(x t)dx]”_zR (t—‘t))l/x}

Jorall 0<t<t< y,_R"/[fBR u(x,1) dx]”'z, where y,y, =7y, y,(N,p).

Lemmas of this kind for the porous medium equation, though less general,
were referred to as lemmas on “how fast the material can escape a given ball”
(see [3]). The proof of the analogous fact for solutions of (1.6) in [3] is rather
complicated, and it is based on Alexandrov reflection technique. In our case it
is a simple consequence of estimate (2.14).

Finally, the strength of (2.14) appears in the proof of Theorem 4. It implies
thatif ¥ and v are solutions of (2.1) in S} such that u(-,#)-v(,?) = w(-,t) —
OmL (R)ast\O then Ve € (0,1/N) as ¢t \\ 0, w(-,) — 0 in

l“ (R ). Once this is shown, Theorem 4 follows in a rather straightforward
way

3. PROOF OF THEOREM 1. THE L*-ESTIMATE

Let ue L0, T;L'R")NL (0, T;W'*(Q)), p > 2, be the unique solu-
tion of

(3.1) %u —div([Du2Duy=0, R", >0,
(3.2) u(x,0) = uy(x) € C°R"Y).

By the results of [9], Du € C° e/ 2(Q x (¢,T)) for any bounded open set
QcRrY andany e>0 T >0 andsome a € (0,1), a=a(e, T, |luyl,,,I1l).
SmceueL(OT (R ), VO< T < o0, (3.1) holds a.e. RY x (0,00).
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Such regularity will suffice to justify the calculations to follow. We shall
denote with y a generic positive constant depending only on N, p. The proof
of (2.10) requires several steps.

3-(i). Preliminaries. Let 7 > 0, p > 0 be fixed and consider the sequences

T T p _ 1 3p
T":?—W’ Pn=e+2n+l, P,,=§(P,,+P,,+1)=P+F,
n=0,1,2,....

Set
B,=B,, §"=Bpn, Q,=B,x(T,,T), Q,=B,x(T

n+1°?

T),
and let (x,?) — {,(x,?) be a piecewise smooth cutoff function in Q, satisfying
,(x, =1, (x,t)eQ, and

(33) n+2 n+2
DLI<2"/p,  0<ag, /0t <2™T.

Finally, for a positive number k we will consider the increasing sequence
n+1
k,=k—-k/2""", n=0,1,2,....

Let w e L™(0,T;L'(B,))NL"(0,T; W, "(B,)), s,m > 1. By Gagliardo-
Nirenberg’s inequality (see [13, p. 62]), fora.e. t € (0,T)

n 1-n
lwll, 5, < 7IDw, 5 llwll; 5

q,B,

where
n=(1/s=1/q)(1/N-1/m+1/5)”"

and y = y(N,p). Choose n = m/q, take the g-power, and integrate over

(0,T). Thenif =B, x(0,T)

m/N
// |w|qud15y(// |Dw|mdxdt> (esssup/ |w|sdx) ,
Q Q 0<t<T JB,x{t}

for a new constant y = y(N,m,s).
In particular, for the choices

(3.4) m=p;s=p/2p-1),
we have ¢ = p(1 +s/N), and

(3.5)
p/IN
// wlP" ™M dxde <y <// |Dw| dxdt) (esssup |w(t)|5dx> )
0 Q 0<t<T JB,

Also for the choices

(3.6) m=s=2,
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we have ¢ = 2(N + 2)/N, and

YN
(3.7) // |w|2+4/Ndxdt5y(// |Dw[2dxdt> (esssup |w(t)|2dx) )
0 Q 0<t<T JB,

The choices of (3.4) and inequality (3.5) will be employed in the proof of
(2.10), whereas (3.6) and (3.7) will be used in proving (2.11).

3-(ii). Integral estimates for u. Multiply (3.1) by
(u =k, ), ¢h = max{0; (u— k,)}" ¢,

and integrate over Q, to obtain
! -1 1

(a) / / u(u—k,) (Pdxdr> ;/_ (u—k,) dx
n v By Bn(1)

_//Q (u—k,)og, dxdt, T, <t<t;

(b) / fQ DuP ™2 Duf(p — V)u — k)" 2D(u ~ k,),

+pu—k) ' D¢ ydxdr

(p—1)< p ”// L \2e-1/p|P
> 3 35 =) S 'D(u k,) dxdt
_y // (u—k)**7|DL, P dxdr.
On
Combining (a), (b) using (3.3) and setting

(3.8) w = (u—k )"

n n’+

we have
U=k’ =w" 00 = (see (3.4))
and
(3.9)
sup w, abc+//a |Dw, P dx dt

T, <t<T E,,(l)

2" _ "
<5 //Q =k Y -k ) dxde+ YT/Q (u—k ) dxde.

Define

(3.10) o0 =9, (1)= sup " sup (-, Dl oo 5,

t€(0,1) p>r pp/p—2 ’

for r > 0 fixed and xk = N(p—2)+p. Since u, € C§°(RN), ue L°°(RN) and
o(-) is well defined.
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For (x,t)eQ,,wehave T/4<T <t<T,and

. p—2
(u(x,0) = k), 0™ < (%f—) <y TG,

Therefore (3.9) can be written more concisely as

(3.11)  sup wf,dx+// |Dw, |’ dx dt < y2"pK(T)// w dxdr,
T <IST JB, (1) 0, 0

s=p2/2(p—l),n=0,l,2,..., where

(312) —N(p-2)/x ,p—2 -1

K(T)=(T ¢ (T)+T ).

3-(iii). The iteration process. From inequalities (3.11), » = 0,1,2, ..., we
will deduce

Lemma 3.1. There exists a constant y = y(N ,p) such that ¥Vt >0

p/A
(-, )l 5, < PIK ()P (// u'"dxdr)

4J By,
where
(3.13) A=N(p-2)+p’.
Proof. Let x — f”(x) be a piecewise smooth cutoff function in En that equals
oneon B, , and such that |D{,| <2"*?/p. Then

w,, t eL™T,  T;L'(B,))nL(T

and recalling (3.4), (3.5)
(3.14)

// wn+ldxdr</ |wn+IC| dxdrt

%

np

<v // |Dw, |"a’xd1+2 w? dxdrt sup | w,dx]| ,
"’ 1, Ta <tST JB(1)

where we have used the fact that w, , <w, , Vn€N.
From the definition (3.8) of w, and the definition (3.10) of ¢ — ¢(¢) it
follows that

T;W,”(B,))

n+l>

P // w? dxdt < yK( )// w, dxdrt.

Substitute this in (3.14) and estimate the right-hand side by making use of (3.11)
to obtain

¢15)  [[ wi,dxde<yrrR@I™On (/ w;dxdz)
Qn+l Qn

(N+p)/N
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By Holder inequality and the definition of w,

s/q
// (u-an)ﬁdxdts(/Q widxdt) |An+l|l—s/q,
n+1

n+1

where
(3.16) A, ={(x,0)e€Q,|ulx,t)>k,}, n=0,1,2,...,
and |4,| = meas4, . Since

// (u—kn)idxd‘tz// (u—k,) dxdt
QOn nN[U>kp 1)

p
> |k —kn|p]A k

2 Kt netl = 2(,,T)I,|A,,+||,
we deduce from (3.15)

1+4%

// (u—k,, ) dxdt < yb”[K(T)]EﬁZ%k_p(l—é)-(// (u—k,), dxdt) ,
Qn+l n

b=(2")+he,
It follows from Lemma 5.6 of [13, p. 95] that

//Q(u—k,,)idxdr—»//Q (u—k) dxdr=0

/ W dxdrt < Y[K(T)]—(N“’)/NkN(%-l)’
Qo

where Q= Bp x(T/2,T), Q,= B,, x (T/4,T),and y =y(N,p).
Using (3.4) a quick calculation shows that if k is chosen to satisfy

k = K (T)V 0 ( / [

then sup, < k. Since T > 0 is arbitrary, the lemma follows.

provided

p/A 2
updxd1> , A=N@{p-2)+p°,

3-(iv). The main estimates. Define
(3.17) w() = sup [[|lu(-,7)ll,, r>0.
1€(0,1)
Proposition 3.1. There exist positive constants y; = y,(N,p), i =0,1,2, such
that ¥r >0
(3.18) () <7 lllugll?™, 1k =N(p=2)+p, ¢ defined in (3.10),
(3.19)  w(0) < 7lllulll,
Jor all t satisfying
(3.20) 0 <t < yyllluglll 7.

In the process of proving the proposition we will also demonstrate estimates
(2.12)-(2.14) with |||u|||, replaced by |[|u,l|, .
The proof proceeds in several steps.
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Lemma 3.2. There holds, ¥t > 0
t
(3.21) (1) < 7 / LY Ll P LY
0

where y = y(N,p).

Proof. Divide both sides of the inequality of Lemma 3.1 by p and mul-
tiply by t"/*, 7 € (t/2,t). Recalling the definition (3.12) of K(), we have
forall te€(¢/2,¢t), vVt >0

p/(p—2)

L

t R x
/ p W dxdr
1/4 BZ/r

(3.22) No=1 _ {2 t i
yypl T O / / Wp T dxdr
1/4 Bl/r

=H" + H?Y.

Estimating H ) , i =1,2, separately we have

/A
_ - 14C Olloo 5,17\
HY <o) ™" ( / oM [TN/“——__W’BJ de
t/4

N, ”u(-,f)” B, Ny s e
‘ /x_pr—?LS}’[(ﬁ(t)] P2 T

(2p)/P2
i /A
<yp(n)' " ( /O r‘”""”“#’”‘(r)dr)p

t
<o)+ /0 NI (g

p—1
HY <y 1/’ N1/ 1€ Dlloo (zp)—x/w—z)/
- t Jiya (2p)P/P=2 B

— 1 /!
< ol (3 [t o1, a)

<eOF ™ W OF " < S0 + Alw "
We carry these estimates in (3.22) and take the supremum first over all p >
r > 0 and then over all 7 € (0,¢), Vt > 0. Recalling the definition (3.10) of
t — ¢(t), the lemma follows.
Lemma 3.3. Let p > r > 0 and let x — {(x) be a piecewise smooth cutoff
function in By, such that { =1 on B, and |D{| < p~'. Then ¥t >0
(3.23

)
!
// \Duf~'¢" " dxdt
0 /s,

5 ! - -
S ;,pl+"/(p_-) </ T(p+1)/'\ l(b(,[)(ﬁ 2)(!”‘”/[7.//(,[) dT
0

+ /, 1-'/“"|¢(1)(P—3)/p (p= e /[ 1/k—1 (r=2/p
y(r)dt T é(1) y(t)dt
0 0

p/A
u(x,r)a’xdr}

p/A

1/p

where 7y = y(N.,p).
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Proof. The calculations to follow are formal in that they require u to be strictly
positive. They can be made rigorous by replacing u with u + ¢ and letting

¢ — 0. By Holder’s inequality
(3.24)

// \DuP ™' ¢ dxde
B,
— — _ — 2 — —(n— 2 _ 2
=// (z 1)/p? \Duf’ Ly~ 2o=1/p’ pp Rk /P 2PVIP e de
B,
(/ ‘/;2/)
t
) // L~ =D/p 20-0/p g
0 JB,,

= (1,017 P

p—1)/p
P\ Duffu™*P " dx dt)

1/p

l/pul—Z/pCp

To estimate J,(¢) we multiply (3.1) by 7 and integrate by parts.

Standard calculations yield

t
/ / tl/plDulpu‘z/pCp dxdt
0 /8,

t
(3.25) Syp’”// RUNE 2/pd.XdT+}’/ / p=1, 20=1/p 4 40
0 /By, B

2p
=L +1L,.
Estimating L;, i = 1,2, separately, we have

(p=2)(p+1)/p
tenso=2) [* eyt [_ape 1G5 Dl g,
0 (2p)

(3-268) . (,D_K/(p—Z)/ u(x,T) dx) d,t
B,

2p

t
< ypl+x/(p—2>/0 t(pH)/K—'(ﬁ(‘t)(p_z)(pH)/py/(r)dr;

)(0—2)/17
00 .8B>,

t
l+Kk/(p—2) I/k—=1, N/k —p/(p=2)
L,<yp'™ /Or N Mp llu(-, )|

(3.26b) : <p"‘/‘”‘2) /
B-

u(x,t)dx) dt
t
S 7pl+’</(l7_2)‘/0 TI/K_I¢(T)(p_2)/p(//(t)dT.

On the other hand, J,(f) = L,; therefore combining (3.26) and (3.25) the
conclusion follows.
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Lemma 3.4. There holds

t
(3.27) W(I) < y”luo“lr +y (‘/0 T(P-H)/K—l¢(T)(P—2)(P+l)/l7v,(r) drt

L k=1, \(0-2)2
w [+ ot w(r)dt),

where y = y(N,p).

Proof. Let x — {(x) be the cutoff function introduced in the previous lemma.
Multiply (3.1) by ¢? and integrate by parts to obtain after standard calculations

t
/u(x,t)dxs/ uo(x)dx+z// |Duf~'¢"  dx dt
B, B, PJo Iy,

valid forall >0 andall p > r > 0. Multiply both sides by p~*/?~? | estimate
the last term by Lemma 3.3, and take the supremum overall p >r > 0.

We are now in the position of proving Proposition 3.1.

Lemma 3.5. Let t — ¢(t), w(t) be two continuous nondecreasing functions
defined for t > 0 and satisfying

(3.28a) $(1) <y / VOB G gt (oF,
0

t
w() < 7llluglll, + 7 / OV g )0 DOAIE (0 g
(3.28b) 0

t
+y /0 ()PP y (1) d

Jfor a given constant y, and k = N(p — 2) + p. Then there exist constants y,,
7., 7, depending only upon y, N, p such that

(3.29) o) < nlllll?™ . w(®) < nlllglll, »

—(p—2
Jorall 0< t < y|lluglll7?7?.

Proof. First observe that ¢ — y(¢) being nondecreasing, V¢* > 0 we have from
(3.28a)

(3.30) o(t) <y / t TN G T g 4y ()P VO<t<t".
0

The number " will be chosen later; at this stage is an arbitrary positive value
of t. It follows from (3.30) that ¢(¢) is majorized by the solution of

H'(t)=y " g7 1y, HO) = ylw(e)P".

Solving explicitly

$(1) < H(t) = pw”" () (1 = y(p = Dl (e P70,
provided the bracket is positive vVt € [0,1"].
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If this is the case the estimate above holds for ¢ = ¢* and since ¢* is an
arbitrary positive number we deduce that

$(1) < yw (0" (1 = y(p = 2ty (2) P/ 07D
for all ¢ > 0 for which the bracket is positive. If on ¢ we impose
(¢ (t)p_z)p/x < —_22-P (2"'2 -1
¥ty <53 ,

we obtain the statement:
There are two constants 7, , 7, depending only on N, p such that

(3.31) o(t) < 7, w (@),
for all ¢ satisfying
(3.32) " 0" < 3,.

We remark that 7, 7, are quantitatively a priori determined only in depen-
denceon N, p.
We now carry (3.31) into (3.28b) and obtain

t
(3.33) v <l +7 [ 7y T g

for all ¢ for which (3.32) holds and for a new constant y = y(N,p).
It follows that y(-) is majorized by the solution of

- -2
M () =y "M@ M(0) = Il ll, »
whence 29/ -2
w(t) < M(2) = |lluglll, (1 = y(elllugll? )P ,

provided the last bracket is positive.
The constant y being quantitatively determined a priori, we can find a con-
stant 7, such that

(3.34) w (1) < 7,llluglll,
as long as ¢ is so small as to satisfy (3.32) and

= —(p-2
(3.35) 0<t<Tlllulll-®2.

Putting together (3.32), (3.35), and (3.34), we deduce that there exists a
constant y, = y,(N,p) such thatif 0 << y0|||u0|||'(”'2) , (3.35) and (3.32)
hold.

Now combining (3.34) and (3.31) the lemma follows.

Corollary 3.1. There exist constants y,, v,, ?, depending only on N, p such
that Vp>r>0

pP/(p-Z) o/x
I Dl 5, < 1l

e, DI, < Palllnlll,
—(p-2
Jor all 0 <t <ygllluglll, -2
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As a by-product we obtain estimate (2.14), i.e
Corollary 3.2. There exist constants y,y, =7,y,(N,p) such that Np>r >0,

t
[ [ 1w e <t p O e,
P

—(p—2
VO < t < yllluglll 72

Estimate (2.12) follows from a technique similar to that of Lemma 3.3.
For simplicity let us assume Q = B, and let Q = B, x (0,T) where p >
r>0 and

(3.36) T < Cyllluglll %

and C, is the constant claimed by (2.8) of Theorem 1 and previously found in
a quantitative way.
Setting
g=p—(N+¢)/(N+1), e>0,

we have Vo, 8 € R", formally

// |Du|dxdt = // tﬂu_a|Du|qt_,,ﬂu°‘ deds
Q
S (// BP/QIDau/lp d d )l]/p (// t—ﬂp/(p_q)uap/(p_q) dx dt)l—q/p
p/q 0

= (1“))‘1/1’(1 2))1 alr

Multiply (3.1) by t#7/94'=*P/4¢(x), with the choice ap = p — ¢ so that
l-ap/g=2-p/g=(p-2(N+¢)/(N+1))/q.

Here x — {(x) is the usual cutoff function in B, . By standard calculations

we find
"< // ~2+1=eDy dx dt
Q2

+y// A T udxdr .
Q

2p

(3.37)

To estimate the first integral on the right-hand side of (3.37) we use Corollary
3.1 to conclude

-2 (- togn_ —al)—
l// tﬂs Zu(l as)udxdt < )’(P’”luol”,) </ tﬂs N/k(1-af) ldt) )
pp QZp 0

The second integral in (3.37) behaves analogously and we obtain

1) Be—L(1-ak)
S })(p’“luolllr)T ¢ e ’

provided
p N( P
(3.38) BE—?(I a ) >0.
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As for I'Y we have
2 1- -
1? < y(p, llluglll,)T' PP/
provided

(3.39) 1-Bp/(p—4q)>0.

Condition (3.38) yields

o (- 2080)

and (3.39) gives B < (N +3)/(N +1).
A quick calculation shows that these conditions are compatible only if ¢ > 0.

4. PROOF OF THEOREM 1. THE GRADIENT ESTIMATE

Take the x;-derivative in (3.1) to obtain formally

4.1) = div {|Du|"“21)ux‘, +(p- 2)|Du|p_3b%|Du|Du} —0.
i

at"x
Multiply this by the testing functions

M, =2u,(v-k3C, a>0,

(4.2) )
v = |Du|

and integrate over Q,. Here {, and Q, are as in §3-(i). Proceeding formally,
we have (repeated indices denote summation over those indices)

t
0 a
(a) 2/T/Ba—tuxiuxi(v—k)+(;:dxdr

_ 1 ! 0 a+l,2
_cH_l/Tn/B”E(v—k)+ {,dxdt

1 a+1 2 a+1
> —_ —_—— -
Z T /E"m(v k), dx o //Q”(v k), ¢,8, dxdr,
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(b) — / / div{lDulp_zDuxv+(p—2)|Du|” -3 6‘9
COn !

- / / |Duf’? {alelz(v — k)2
QnN[v>k])

N
+23 " 1Du, (v - k)L
i=1

|Du| - Du} n,dxdrt

+2Dv(v - k)iCnDCn} dxdr

+(p-2) // e 2; o k)20 dxdt

+2a(p -2) / / |Du|p_2|D(|Du|) Dul*(v - k) ' dxde
hN[v>k]

+4(p-2) // |Dul’~*(D(|Dul) - Du)(v — k) Dul,D¢, dxdt

> [ 1Dt ip K dx ds
(a+l)

- 72" > // |Duf’ (v - k) dxdr.
ap® 1o,

Combining (a) and (b) yields
(4.3)
sup (v - k)T1 dx + //_ |Dul’ 2D — k)P dx de
Q"

T <tST JB,(1)

2n
<2 [ pupr~w- s
p Qn

where y = y(N,p,a).

These calculations are somewhat formal. They can be rigorously justified by
first writing (4.1) in terms of difference quotients in the space variables and
Steklov averagings in ¢. Then in the weak formulation one takes test functions
n, where the derivatives appear as difference quotients and further they are
averaged in time. A standard limiting process makes the result rigorous. Also,
it is easily seen that the integrals involving (v — k)‘ji_l (a > 0) are well defined
evenif a—1<0.

Let {k,} be the increasing sequence

— k) dxdr,

=k-k/2"', n=0,1,2,...,

where k > 0 will be chosen later. Define

(4.4) A ={(x,0€Q,|vx,0)>k}; v=|Duf’,




CAUCHY PROBLEM FOR A DEGENERATE PARABOLIC EQUATION 207

and observe that on the set 4,
IDuf’™* 2 (35)72"
Also define
1Dully 5, (7)

() = sup tVH* qup —Be T

(4.5) ) 200 p2ro0 pH =2
k=Np-2)+p.
In view of (2.10) and the results of [9], it is easily seen that ®(¢) is well defined,
by possibly working in RY x (e,00) with & € (0,1) arbitrary and then letting
€ — 0. Then forall te(T/2,T)
LUGIESY S
We write (4.3) with k replaced by k, and set

> 2,

(a+1)/2
(4.6) w,= -k, , a>0.
Then carrying the remarks above into (4.3) we have in a more concise way
(4.7 sup w,z, dx + k(”_z)/z/ |Dwn|2 dxdt

T <t<T JB, (1) 0,
<y2”"H(T) // w’dxdr,
Cn

where
(4.8) H(T) = [TVRe=-2gp=2 1) 4, 771,

Let x — fn(x) be a cutoff function in _Fn which equals one on B, , and
such that |D{,| < 2"/p. Then

wCeL( TL(B))nL(
and applying (3.7)

/f 'wz(N”)/N dxdt < //_ (wnfn)z(N+2)/N dxdt
n+1 Qn
2 2% 2
<y //_ |Dw|dxdr+—//_wdxdt}
(4.9) { 5, n p2 5, "

2
( sup | w, dx)
Tn1 <tIST JB,(2)

Next we impose on k the restriction

1,2 5
n+l1? n+l’T;VVO (Bn))’

(4.10) 0<k < p0= = 2NDx g2y
Then s m | -2
2% 2 "k
/ w, dxdt< = 2)/2/ w, 2dxdt

2n H(T)
< k(” %73 // w, 2 dxdr.
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We substitute this in (4.9) and estimate the right-hand side by making use of
(4.7) to obtain

(4.11) // NN gy d

) 2 (N+2)/N 2)/2 2 (N+2)/N
<y H(T)| VAN =2 (/ w; a’xdr)
On

By Holder inequality
2 2N+2)/N NIN+2) 2/(N+2)
(4.12) w,dxdt < w, dxdt 14,
Qn+| Qn+l

and since |4,,,| < 2T 1 (4 — k)¢ dxd, we obtain from

(4.11) and (4.12)
// )a+ldXdT<yb H(T)k (N(p=2)+4(a+1))/2(N+2)
n+l

" | 1+2/(N+2)
: (/ (v k) dxdr) ,
On

b=22+((1+])ﬁ’ y-_—.y(N,p,a)'

It then follows from Lemma 5.6 of [13, p. 95] that
// (v —k")(:"dxdr——»o as n — oo,

provided

a+1
// (’U _ %) dxdr < y[H(T)]—(N+2)/2k(N(p—2)+4((r+l))/4 )
0

+

This condition is satisfied if we choose

4/0
(4.13) k =yH (/ / |Du|2("+”dxdr) :
T/4

(4.14) Np-2)+4(a+1).
If the choice of (4.13) is compatible with (4.10), then V¢t € (T/2,T)
, T 2/o
(415)  [|Dully, 5, (1) < 7H(T) T ( / / Du*"*V dx dr) :
r T/4JB,,

If on the other hand (4.13) is not compatible with (4.10), we have

2/o
T

p TN (1) < yH(T) N (/ / IDuiz"””dxdt) ’
T/2

and recalling the definition (4.5) of ®(T), this again implies (4.15). Hence
(4.15) holds in either case by suitably modifying the constant 7.
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To proceed we choose a = (p —2)/2 so that
(4.16) c=N({p-2)+2p.

Divide both sides of (4.15) by p??~? and multiply by {~*"/*  Then vz > 0,
recalling the definition (4.8) of H(t), we have
(4.17)

| Dul| (1) N2 (p_oy Nila to_
[N+D/x 0 ,B, < yd(1)" 14 Z)t—f-a . p =3
2/p-2 1/4 B

pP
t
ol
t/4 B,

Estimating G'" we have

2/o
wenp=y [ 1 _en 5 we I1Dull,, 5 ()"
G(l) <yd(t) ° / P (p 2)1. rat 2 sup+’_82" dt
1/ p>r  pl?

Wip=2) | 2 ! — &l (p-2) p—1 e
<y0(0) - (/ v e dr)
0

0]

PP g,

2p

2/o
|Dul’ dx d 1)

»

2/o
|Duf dx dt) =¢"+6?.

t
s!;d>(t)+y/0 T

In order to estimate G'” we refer back to equation (3.1). Let (x,t) — {(x,?)
be a piecewise smooth cutoff function in B, x (¢/8,¢) which equals one on
B,, x (t/4,t) and such that |D{| < 4/p, 0 <{, < 8/3t. Multiplying (3.1) by
ul? and integrating by parts we obtain after standard calculations

t t t
/ / \Duf dxdt < L updxdr+Z/ / wdxdr.
1/4JB,, P’ Jys tJus /s,

Therefore

t
G? <y { M% sup p—a/(p—2> /
2

p2rJi/4

2/o
|Dul’ dx d‘t}

»

: @l 5\ e
N/x oo ,B —k/(p=2)
< T sup ———~ su / u(x,t)dx |dt
y{/z/s (ng prlw=2 ) (pzlr)p B, 0 ) }
C e (o) /o He
+7 / Mt sup—‘f’z’B” sup p ¥/ 2)/ u(x,t)dx |dt
18 p>r pp/(p ) p>r B,

f S 2/o

— (N, =2 -1

SV{ [/81 NINP=2) g7y |||u(~,z)|||,dr}
t

' 2o
+y{/’/8z"¢(r>|||u<-,r>|||,dz} ,
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where we have employed the definitions (3.10) and (2.6).
Next, applying Corollary 3.1 and the definition (3.17) of ¢t — w(¢),

G(Z) < 7[tp/xd)(t)p—2]2/a[V/(Z)Hp/x]Z/a + )’[V/HP/K]Z/U
for all ¢ within the range claimed by Corollary 3.1. Within such a range
-2
P60 <y =9(N,p) and (1) < ,llulll, -
It follows that , ,
G? <ylllwlll;™, v =»(N,p)
VO<t< yollluolllr'("'z) , where y, = y,(N,p) is the number claimed by Corol-
lary 3.1.
We substitute these estimates in (4.17) and take the supremum first over all
p>r and thenoverall 0 <t < y0|||u0|||'("'2) . Recalling the definition (4.5)
of t — ®(t) we obtain

t

(4.18) ®(1) < /0 DDy 0= g iyl
—(p-2
Y0 < £ <yl 77

It follows that ®(-) is majorized by the solution of

Vl(t) — yt‘((N"'l)/K)(P_z) Vp_l(t) ,

2 —(p-2
V() = ylllu . 0<t<ylllwglll 2.

Solving explicitly

2 —2.2/x "M W@=2)
o() < 7llluglllZ” {1 = Celllugl?™*"} ,
and therefore if ¢ is so small that
—2.2/Ky—1/(p-2
(4.19) (1= y(tlluglllZ~ 5y < 2

we will have
(N+1)/x 2/(p-2) 2/x
t DUl 5,(8)/ P < 29|l

for all such ¢ and Vp >r.
The gradient estimate (2.11) follows readily and Theorem 1 is proved.

5. HARNACK INEQUALITY AND INITIAL TRACES

We will prove in this section the Harnack inequality of Theorem 3 and
Lemma 2.2. The existence of initial traces and their uniqueness (Theorem
2) will follow readily.

5-(i). Harnack inequality: a special case. Let u > 0 be the unique solution of

(5.1) u, — div()Duf’ *Du) =0 inR" x (0,00),
(5.2) u(x,0) = uy(x) 2 0,
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where we assume
{ x — uy(x) € L(Bg) for some R > 0 fixed
and uy(x) =0, |x| > R.
We will show that VT > 0
R? 1/(p-2) T \ NP x/p
54 f wdesy { () +(p) wo.n

R

(5.3)

for a constant y depending only on N, p and independent of R, 6, u, u,.
As a starting point we record the following consequence of Corollary 3.2.

Lemma 5.1. There exist constants y,y, =7, ¥y(N,p) such that Vp > R

! ! 1k 1 2 2 1+p-2)/
/ / |Dul’~ dxdt < yt /Kp +/0=2) (R"p/(p_ )][ uy(x) dx)
0 JB, Bg

for all t satisfying

-p/(-2) —e-2
O<t<y, (R ][ Uy(x) dx) .
Br

Proof. Observe that since x — u,(x) is supported in Bj
- -2 - -2
o]l = sup p x/le )/ uy(x)dx =R p/le )][ uy(x)dx.
P2R B, Br

To proceed, let ¢ € (0,1] and let x — {(x) be a piecewise smooth cutoff
function in B, ,p which equals one on B, and such that |D{| < (eR)™".
Multiply (5.1) by { and integrate by parts to obtain

t
(5.5) / u(x,t)dxz/ uo(x)dx——L// |Duf’~" dx dt
B(14e)r Br R Jo Bar

valid V¢ > 0. Set
(5.6) E,= 7[ uy(x) dx.
Bg
Then for all ¢ € (0, yoR”/Eg"z) , we obtain from Lemma 5.1 with p = (1+¢)R
(5.7) ][ u(x,)dx > (1 +6) "B, ~ LE(ER )N,
B(I+z)R

ve € (0,1].
With the aid of inequality (5.7), taking & = 1 we deduce

Lemma 5.2. There exists a number 6 € (0,1), 6 = 6(N,p) such that at the
time level

(5.8) ty=6R’/EL™2,
within the ball B,,, there exists at least one point X, Such that

(5.9) u(x,,t5) > 2" VVE, .
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Remark 5.1. Inequality (5.7) with the parameter ¢ € (0, 1) is needed later. For
the remainder of this section we will take ¢ = 1.
For notational simplicity set

a=u(xy,t),

and consider the box

T, app}

Qy = {lx — x5l < p} x {to ) sl + pr)

where ?l = EI(N ,p) is the constant of Theorem 1 of [8] (see §2-(iv) here),
and

(5.10) P’ = (62" (1 /TR .

In view of such a choice of p we have
K R T,
ly— e Ep—2p = Spr?
0 0 0

R’ >0,

and therefore the box @, is all contained in the domain of definition of . By
Theorem 1 of [8]

. <C, i
(5.11) n< Coxelﬂr:{xo) u(x,i),
- al _p—2
(5.12) _ f=t1,+C,p°|a"".

Combining (5.11) and (5.9) we have
(5.13) u(x,0) > (C2"")'E;, VxeB,(x).

We are now in the position of proving (5.4).
Let us fix 7 > 0 and let us assume that the level 7 found in (5.11), (5.12)
is below T/2, i.e.,

f=t,+C,p° 1@ <T)2.
Using (5.9) and (5.10) we see that this will happen if
2R /T +(6/2")R° /T < EL 72,
ie., if

_ RPN V-2
(5.14) E,= ]{;R uy(x)dx > C,(N,p) <7) .

If (5.14) is violated, then (5.4) holds trivially. Therefore we assume (5.14) holds
sothat f=1,+C,p//#" > < T/2 and

(5.15) T-i>T/2.
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To proceed, consider the following explicit solution of (5.1) in RY x [£,00).

¢ | | p/(p—1)) @—1/(P=2)
- X — X,
By p(x,t;%00) = ko S(0) N/x{l ) (S(t)l/?c ) } ’

+
(5:160) 3 5(0) = (3pk" 2" 2t = 1) + "),
Jo(N.p)=k(p/(0-2))"", Kk=N@p-2)+p,
| k=(C,2"*"Y7'E,.
It is readily seen that Qk’p(x,t;xo,f) satisfies (5.1) for ¢t > f, x € RY.
Moreover, for ¢ = f it vanishes outside the ball B p(xo) and V¢ > f it vanishes

(ina C'“-fashion) outside the ball |x — x,| < S()"/*. One also verifies that
‘gk,p(x’i;x()’i) S k,

and therefore by the maximum principle

(5.17) u(x,1) 2B, (x,t;x,,0) Vt=>1.
In (5.17) choose
(5.18) t=T, x=0.

Since x, € B,, we will have

Ix | p/(p—1)) @~ D/(P-2) 1\ o-1/p-2)
1— | —%— > =
S(T)'* ~\2

if $(T)> 23" 1/PxRr,
Using (5.16) and (5.10) we see that this will happen if

C,(N,p)EL*RN*= 2T 4 T,(N,p)R" > R*
and this in turn will be verified if E, satisfies

p\ 1/(p—-2)
(5.19) E,= ]i uy(x)dx > C4(N,p) (RT) .

Let us assume (5.19) for the moment. Then from (5.17) with the choices (5.18)
we obtain

u(0,T) > C4(N,p)E,R" /S(T)"" .
Now if (5.19) holds
S(T) < C,(N,p)EE R I T + CT,(N,p)R"
< Cy(N,p)EL RV O
=C,o(N,D)E."X(T/R))R",
and therefore

u(0,T) > C,,(N,p)E, N~ (RPT)™* .
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This in turn implies
_ T\MP x/p
uo(x) dx = Eo < Clz(N,p) R® [u(0, )]
Bg
On the other hand, if (5.19) is violated, then (5.4) holds trivially.

The comparison function %, , introduced in (5.16) will also be useful in
the next section.

5-(ii). Harnack inequality: the general case. Let ¥ > 0 be a solution of (2.1)
inS;,0<T<oo0. Fix R>0, 1€(0,7/2] and let (x,t) - w(x,t) be the
unique solution of

w, — div(|[Dw/’ ?Dw) =0 inR" x (¢,T),
ux,7), |x|<R,

(5.20)
w(x’r)={0, x| > R.

By the results of the previous paragraph

520 o wxsy { (R_;)l/w_n * (ETF)N/F [w(o, T)]"/”}

R
where y = y(N,p).
Theorem 3 will follow from (5.21) and the next comparison lemma.
Lemma 5.3. w(x,?7) <u(x,t), (x,t)eRY x (7, 7).
Proof. Set
M, = ||u(-, 7)o g, = lw(s Dllo gw

and consider the comparison function

N Ll
) _ Nen=Ni ). x
B 1p(x,1;0,7) =k(2R)" S(¢) {1 (S(t)l/x) } ,

+

S(t) = {7k" 2RVt — 1) + 2R)"},

Bo(N.p)=x(p/(0-2))"", Kk=N@E-2)+p,
k=M(1- 2-17/(1?—1))—(1’-1)/(!’—2)
T b
which satisfies (2.1) for ¢ > 7 and V¢ > 7 is supported in the ball |x| < S(7)/* .
For t =1 and |x| <R
B r(x,7;0,1) 2 M, |x| < R.
Therefore since w(x,t) < M,, |x| <R, by the comparison principle

w(x,1) < By 1p(x,4;0,7) ¥(x,0)eR" x (t,T).

Such a principle can be applied since (x,?) — w(x,t) and (x,f) —
B, 2r(%,2;0,7) are both solutions of (2.1) with initial data in LI(RN ). We
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conclude that the support of x — w(x,t) is contained in |x| < 2S(T)'/ *

vte[r,T].
But then in the bounded domain

Q=B x(1,T), r=28D",

both u and w satisfy (2.1) and w < u on the parabolic boundary of Q,: .
Moreover u, w are both C'** in B x[t+¢,T], V¢ >0 and Du,Dw €
L (Q,T0 ). The comparison principle can now be applied to conclude w(x,?) <
u(x,t), ¥(x,t) eRY x (7, T].

We conclude this section by observing that Lemma 5.3 and (5.7) give the
proof of Lemma 2.2.

5-(iii). The initial trace. Let u > 0 be a solution of (2.1) in S;.. By Theorem
3, VR>0,V0<1<T/2

(5.22) ]é u(x,t)dx <y { (%p) vem + (_IZ_;)N/K [4(0, T)]x/p}

R

where y = (N, p). It follows that V¢ € C\(By)

|, putz,01dx] < ol o

where y = y(N,p,R,T,u(0,T)). Therefore {u(-,7)} is a net of equibounded
linear operators in ( CO(RN ))* and for a subnet indexed with 7’

lim u(x,‘t')(p(x)dx:/ pdu
\0 JR¥ RN

where 4 is a o-finite Borel measure in RY. we prove uniqueness of u.
Suppose that for two subnets {7'},{z"} \, 0

ut,t) - u,  uC,t)-ov, 'R

and u#v.
From (5.22) V1 €(0,7T/2)

p—-2
(][ u(x,t)dx) R7?<cC*
Bg

where C* = C*(R,T,u(0,T)) and from Lemma 2.2, V¢ >0, VR > 0, Vt €
0,7/2)

ﬁ(lu)n ux,fdx 2 ]én ulx, ) dx ((l + 3)_N - %(C‘l)'/")

VO<t-t<p/C", t<T.

Letting 7\, 0 along {z'} we get
f u(x,t)dxz][ du ((l+8)—N_Z(C¢t)l/x) )
Bsorr Bg e
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We now let ¢\, 0 along {t"}. This gives

][ dv>(+e) VL du, vee(0,1).
B(I+e)R BR

Letting ¢ — 0 and interchanging the roles of x4 and v, we find

du= dv, Vp>0.
B, B,

By translation this must hold for every ball centered at any point of R", and
therefore u=v.

6. UNIQUENESS

Let u, v be two solutions of (2.1) in S, 0 < T < oo, satisfying

(6.1) sup |[|u(-, 0|, + sup ||[v(-,)|ll, =A < oo,
0<t<T 0<t<T

for some r > 0, and

(6.2) lu—v|(-,t) = 0 in L (R")ast\,0.

Setting w = u — v, w satisfies

(6.3) w, - (a"(x,Hw,), =0 inS,

where

(6.4)

a’(x,t) = (/01 |D(su + (1 —s)v)lp_zds) d;

+(p - 2)/0] |D(su+ (1 —s)v)l”_4(su+ (I -5)v), (su+(1-s5)v), ds.

The matrix (ai 4 } is positive semidefinite and V¢ € R", V(x,t) €Sy
65) { ay(x, OEF < a' (x, €&, < (p - Day(x, D)L,
' ay(x,t) = [y |ID(su+ (1 —sp)P2ds,  (x,t)€S;,.

We claim that ¥ and v satisfy all the estimates of Theorem 1 with |||u]||,
replaced by A, within the strip STO , Where

(6.6) T, = min{T; C,A”*"%}

where C, is introduced in Theorem 1.
In particular, (2.10) takes the form

(6.7) NG, Dllg 5, < Cot V< PITINT, Wp 2, 0<t< C,A Y.
Also the analog of (2.11) is
(6.8) “Du(.’t)”oo,B,, < C3t-(N+1)/xp2/p—2A2/x , Vp>r,0<t< COA_(p_Z).

Estimates (6.7) and (6.8) will be proved in the next section (see Remark 7.1).
Here we will proceed assuming them and observing that it will suffice to prove
uniqueness within STO.
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6-(i). Preliminaries. For o > 0 set

(6.9) A, %) = (1+[x)™*

and define for ¢ € (0, 7))

(6.10) h(f)= sup / u(x,7)A(x) dx
0<t<tJRN

If t€(0,T)) and

(6.11) a>k/p(p-2),

by Lemma 1.2 of [5] and (6.10), A_(¢) is finite and

(6.12) h,(t) < C(a)A, te(0,7,),

where C(a) = C(a,N,p).
From now on we shall take a satisfying (6.11).

Lemma 6.1. There exists a constant y = y(A, N,p) such that
t
/ DuP ' 4, dxdt<y'™, e (0,T,).
0o JR¥
Proof. In the weak formulation (2.17) take the test function

1 1-2 1
(=), "u' P a)h o),

where x — {(x) is the usual cutoff function in B - After a Steklov averaging
process and standard calculations, we obtain

! 1/p |Dul’
/e/(t—s) P 20 Ay ptfdxde
1/p (-2 4
(6.13) <y//(t e)'’? Wpyp-1 |D( a{f’l/p )| dxdrt

+y/ / (c=6) PO g ud dxdr=J0+ TP
e JB,

1/p

As for J;z) , we have

t
J,Ez) < y/ (t— 6)l/x—l/ Ne-2/p |U(X, ) .
¢ B, (1+ |x'p) g

|(P-2)/p
u(x,7)4,(x)dxdr,
so that by (6.6) and (6.12)
(2) 1/
L7 <yt-e)", vp>r.

We estimate J;”

t
(1 I/p. (p=2)/p p—1 P
J, < )’/e /Bp(‘t—~a) u u’ Ay, |DCF dxdr

t
+ y/ i (- s)l/pu(p_z)/”u'”_l|DA;/fl/p|” dxdt
€ »

L (1,2)
=J, +Jp .
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Since
IDAY? | < y]4

a+l/p
by (6.6) and (6.12),

t
J;I,z) < y/ (1= &) /P2~ 4
e JB,

P <yd,A,,A,,

a/p+1/p?+1/p 1/p

l/p(x)u”—zAl(x)uAm dxdrt

t
< vh_ (1) / (1 — g) /P~ N@=-D/ep=NO=2/x 4.
€
<yit-o', vpxr.
As for J;l’l) , since |D{| < 2/p, again by (6.6) and (6.12)
t
<y -0 deh, 0 <5-)'"
4
Combining these estimates in (6.13),

t Du” x
(6.14) /B/B(z-s)””'uz/L Ay dxds < yit-o)',

Vp>r, Vte (e, T,), where we have changed p into 2p.
Next, ve € (0,¢), t€(0,T;)

t
p—1
/C/Bﬂ|Du| Aa+,/pdxdt

-1
I L B PR i
e /B, uz("—')/"z a+l/p

(= ey T NOD gllp gy g

. » (-1)/p
_ \U/p|Duy|
< (/e /B,(t €) T AaH/pdxdr)

' /p
. (/ / (‘t—s)-(p_l)/pu(p_z)/pAl/puAa dxd‘t)
e JB,

1 1 t 1 1 17p
<y(t- 8)( /e)w=1)/p (/ (t-¢) k= ha(‘l') d‘l‘)
e

<yit-"", Yp>r,vte(0,T,).

Lemma 6.2. There exists a constant y = y(A, N ,p) such that if w(-,t) — 0 in
L. (RY) as t\,0,

lw(x,)|d (x)dx <y, 0<t<T,.
RV a 0

Proof. In the weak formulation of (6.3) take the test function x — A4 _(x){(x),
where { is the usual cutoff function in B ) By working separately with w™
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and w* (both weak subsolutions of (6.3)) and using the assumptions of the
lemma we deduce

t
[ w0l (8@ dx < [ [ 4pul+ Dol D4 g dx
B, 0 /B,
t
<7 [ [ 4Dul+ Dol 4, IDC dxd
0 Js,
t
+7 / / (IDu| + | Do)’ |DA| dx d.
0 /s,

In the last integral [DA,| < 74,,,, and in the first integral, since |D§] =0 on

|x| < p/2, we have A4 |D{| < yA
Therefore letting p — oo

a+l/p*

t
/ lw(x,1)|4,(x)dx < yf f (|Du| + |Dv|)""Aa+l/p dxdrt
RN 0 JRN
and the conclusion follows from Lemma 6.1.
Lemma 6.3. If w(-,t) » 0 in L, (R") as t =0, then

w(-,)»0in L*R") ast—0, Vee(0,1/N).
Proof. Let e € (0,1/N) be fixed. Then V¢ € (0, T,)

[ G 01 Ay (K1 < [ e, 0F Ay (), D14, () dx
By (6.6) |w(x,)°A,,,_5(x) <yt~ so that

/R ) lwix, 0] 4, gy (x) dx < 17 /R lw(x, 0l4, (x) dx

(1/x)(1-Ne)

<yt by Lemma 6.2.

For p>1
1+e (a+e/(p=2))p 1+e
/ w0l dx < 7p R NN

S y(A,N’p’p)t(l/K)(l_NC) .

6-(ii). Proof of Theorem 4. We are now in the position to prove our uniqueness
theorem. In (6.3) we may assume without loss of generality that w > 0. In its
weak formulation we take test functions

w+n4%0%,  e€(0,1/N), ne(0,1).

1

Since w(-,t) — 0 in Lloc(RN ) a standard Steklov averaging process gives that

this is an admissible test function. Integrating over B )% n,t),0<n<t<T,,
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we obtain
(6.15)
|Dw|?

1 / l4e |, ,2 ! 412
— w+ A dx+s// a.(x,7)————— dxd
T+e B,,(t)( n AL ) Ja, o(x T)(w+n)' (4, ¢)’dxdt

1 l+e 2
< —
l+e/( (w+n) 4,0 dx

D
w7 [ e, 02wt ) PO 0 dx d,
n B (w+n)

where a(x,t) has been defined in (6.5).
By the Schwarz inequality the last integral is majorized by

2/ /B ay(x, ‘t)( lljwl) _a(Ai/ZC)zdxdr

+(e) / / ay(x, D) (w + ) (A DL + DAY P) dx de.
n JB,
We absorb the integral involving |Dw|2 on the left-hand side of (6.15) and

drop the resulting nonnegative term. Finally, we observe that by the definition
of A, and the structure of x — {(x) we have

A,|DL* + DA < 74, (x)d,,(x).
Carrying these remarks in (6.15) we obtain
/ (w+m)**4,0%dx < / (w+n)' "4, (x)dx
(6.16) B0 By(m
+ J’/ / ay(x , T) Ay, (x) (W + )4 (x)dxdr.
n JB,
Next by (6.5) and (6.8)

|x[* AG/RHP=2)_~(N+1)/x)(p=2)
2/p :
(1+]x)
Substitute this last estimate in (6.16) and let # — 0 for p > 1 fixed so that
by Lemma 6.3

ay(x,7)4,,,(x) <y

/ (w+n)'"4,(x)dx -0 asn—0.
By(m)
Then we let p — oco. The net result is
t
[ el a,mdx <y [ O ] ), @ dx.
RV 0 RY

Since t—((N+D/x)(p-2)

is integrable, this implies

t—»/ |w(x,t)|1+£Aa(x)deO,
RN
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by Gronwall’s lemma, provided
z—»/ lw(x,0)]'*°4,(x)dx € L®(0,T,).
RN

Now the parameter o in the calculations above is arbitrary and restricted
only by (6.11). If « is replaced by a+¢/(p—2), then Lemma 6.3 and its proof
ensure the L*(0, T;,) requirement and the theorem follows.

7. PROOF OF THEOREM 5
We let u be a nonnegative solution of (2.1) in S;. forsome T > 0, satisfying
(7.1) sup ||[u(-,?)||l, =A < oo for somer>0.
0<t<T
The solution here is meant in the sense of (2.15), (2.16) of §2-(ii). The following
proposition holds for any solution of (2.1) in §;. with no sign restriction.

Proposition 7.1. Let u be a weak solution of (2.1) in S in the sense of (2.15),
(2.16), and let (7.1) hold. There exist constants C; = C,(N,p), i =0,2,3,7,
such that setting

(7.2) T, = min{T; C,A"?~%)
the following estimates hold ¥p >0, VO<t<T:

—N, )
(7.3) "u("t)"oo,B,, < Gyt /Kpp/(p ) AP/% ’
—(N+1 -2),2
(7.4) "Du(.’t)”w,Bp < C3t (N+ )/Kpp/(l’ )A /K ,
t
(7.5) / |Du|”“l dxdt < C7t1/Kp1+(p—2)/xAl+(p—2)/x .
0 /B,

Here the constants C;, i =0,2,3,7, are the same as those in Theorem 1.
Proof. Fix ¢ € (0,T,/4) and view (x,t) — u(x,?) as solution of

(7.6) u, — div]Dul" ’Du=0 inR" x (¢,T],
(7.7) x — u(x,e) as initial datum.

The estimates of §3, regarding (2.10), have been derived under the assump-
tion that
u, € C(RY).
This was needed to ensure existence of a solution u satisfying

(7.8) x> ulx,)e LRy, vt>0.

This in turn was used to ensure that ¢ — ¢(¢) in (3.10) is well defined. Therefore
(7.3) will follow from exactly the same proof of (2.10), whence we show that

[4(, Dl 5
»Op
T e %

(7.9) vte (0,T,), for some r > 0.
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Analogously, the gradient estimates (7.4), (7.5) can be derived exactly as in
the proofs of §§3, 4, whence we show that

DU, 1)l 5,
(7.10) ilé[:w < 00,
The qualitative information in (7.9), (7.10) can be derived from the quanti-
tative datum (7.1) as follows. Let
QdEde{_dpaO}, d€(0,4),

and let U be a local weak solution of (2.1) in Q,. By the local estimates of
Porzio-Vincenzotti (see [17]), Vv > 0, there exists a constant y = y(N,p,v)
such that

1/v
(7.11) 1Vl g <7 ([ 10P7* dxar) .
¥l Qz

Take v = (2N + p)/N in (7.11) and observe that by the embedding of §2
and the equation, we have

p/N
// PN gy e < 2 // \UPdxde) | sup / U|dx
Qo g Ql1+o)r —4r<t<0J B4(1)

vr>0, Vo €(0,1), where y,0 =y,6(N,p). From this, Hélder and Young’s
inequalities, Vd € (0,1)

f / [UPNON gy dr < & / / [UPNIN gy de
o Qui+o)r

(N 6) p(N+1)/N
V4 »D >
L 2Vp,9) sup / Uldx :
g?N+D (..40950 B4(t)| |

vte (0,T;,), for some r > 0.

By a standard interpolation process

p(N+1)/N
/ IUI”‘N“’/Ndxdrsy(N,p)( sup / 1U|dx) ,
[47] Ba(t)

—4r<1<0

which combined with (7.10) with v = (2N + p)/N yields

p(N+1)/(2N+p)
7.12 U < f /
( ) " “oo,Ql (_4p<t<0 By(t) l | )

Now let u be a weak solution of (7.6) in B,, x (¢,T;). Then the rescaled

function -2
—e+ T, - e—T
U(x,t E( 0) u(xp,t( °>+s>
0= "apy 7

is a solution of (7.6) in Q,. Therefore (7.12) and (7.1) imply

, y=7y(N,p).

T, lu(-, )l 5, N/(2N+p) 5 p(N+1)/(2N+p)
D el o pNIaN D) .
pp/(p—Z)

(7.13) %
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Since the argument can be repeated with T, replaced by any 0 <t < T, (7.9)
follows.

Turning to the proof of (7.10), if U is as before, by Proposition 3.1 of [18]
and the equation

IDUI, 4 <7 [( [[ oo ax dt)z”2 s 1]
<o [(ff, woraxas) " +1].

Returning to (x,t) — u(x,t) via the indicated rescaling proves (7.10). We
remark that (7.9), (7.10) are qualitative information needed in the proof of §§3,
4. The arguments in these sections turn these qualitative information into the
precise quantitative estimates of Proposition 7.1.

The proposition and the Harnack inequality prove Theorem $5.

Remark 7.1. Since Proposition 7.1 holds for solutions of (2.1) with no sign
restriction, estimates (6.7), (6.8) are valid and the proof of the uniqueness the-
orem is complete.
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